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Abstract 

Let Sg^i be a compact oriented surface of genus g with one boundary component, 
and Aig^i its mapping class group. Morita showed that the image of the k-th Johnson 
homomorphism of Mg,i is contained in the kernel i)g^i{k) of an Sp-equivariant 
surjective homomorphism H (g)z J~-2g{k + !)—;• C2g{k + 2), where H := Hi{T,g^i,Z) 
and C2g{k) is the degree /c-part of the free Lie algebra C2g generated by H. 

In this paper, we study the Sp-module structure of the cokernel \]^i{k) /\m.{Tj^) 

of the rational Johnson homomorphism := (Xiidq where ^^i{k) := (8>z 
Q. In particular, we show that the irreducible Sp-module corresponding to a parti- 
tion [l'^] appears in the k-th Johnson cokernel for any k = 1 (mod 4) and k > 5 with 
multiplicity one. We also give a new proof of the fact due to Morita that the irre- 
ducible Sp-module corresponding to a partition [k] appears in the Johnson cokernel 
with multiplicity one for odd A: > 3. 

The strategy of the paper is to give explicit descriptions of maximal vectors with 
highest weight [1*^] and [k] in the Johnson cokernel. Our construction is inspired by 
the Brauer-Schur-Weyl duality between Sp{2g, Q) and the Brauer algebras, and our 
previous work for the Johnson cokernel of the automorphism group of a free group. 
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1 Introduction 



Dennis Johnson established a new remarkable method to investigate the group structure of 
the mapping class group of a surface and the Torelli group in a series of his pioneer works 
[Johlj . I Joh2] . |Joh3] and |Joh4] in 1980's. Especially, he gave a finite set of generators of 
the Torelli group, and constructed a homomorphism r to determine the abelianization of 
the Torelli group. Now, his homomorphism r is called the first Johnson homomorphism, 
and it is generalized to the Johnson homomorphisms of higher degrees. Over the last two 
decades, the study of the Johnson homomorphisms of the mapping class group has achieved 
a good progress by many authors including Morita |Mo2] . Hain |Ha] and so on. 

To put it plainly, the Johnson homomorphism are used to describe "one by one approx- 
imations" of the Torelli group as follows. To explain it, let us fix some notations. For a 
compact oriented surface S^^i of genus g with one boundary component, let Aig^i be its 
mapping class group. Namely, Aig^i is a group of isotopy classes of orientation-preserving 
diffeomorphisms of i which fix the boundary component pointwise. The fundamental 
group 7ri(Eg^i, *) of E^^i is isomorphic to a free group of rank 2g. In this paper we fix 
an isomorphism 7ri(Eg i,*) = F2g. Let T2g{k) be the lower central series of F2g beginning 
with r2g(l) = F2g, and set C-2g{k) := T2g{k)/T2g{k + 1). For each > 1 let J^g^i{k) be a 
normal subgroup of Mg^i consisting of elements which act F2g/T2g{k + 1) trivially. Then 
we have a descending filtration 

MgM ^ -^9,1(2) 3 • ■ ■ ^ Mg,,ik) D ■ • • 

of A^c,,i such that the first term Aig i{l) is just the Torelli group X^ i. This filtration 
is called the Johnson filtration of Mg^i. Set gr^(A^g_i) := Mg,i{k)/Mg^i{k + 1) for each 
k > 1. Then each of gT^{Mg,i) is an Sp{2g, Z)-equivariant free abelian group of finite rank, 
and they are considered as one by one approximations of the Torelli group. Although to 
clarify the Sp(2(7, Z)-module structure of each of gY^{A4g^i) plays an important role on 
various studies of the Torelli group, even to determine its rank is quite a difficult problem 
in general. 

In order to study each graded quotients gr^(A^g i), the Johnson homomorphisms 

Tj^ : gi\Mg,i) ^ H* ®z C2gik + 1) 

of A^g,i are valuable tools where H := ifi(Sg i,Z) and H* := IIomz(-ff, Z). Here we 
remark that H* is canonically isomorphic to H by the Poincare duality. In general, the k-th 
Johnson homomorphism is denoted by simply. In this paper, however, to distinguish the 
Johnson homomorphism of the mapping class group from that of the automorphism group 
of a free group, we attach a subscript Ai to that of the mapping class group. (See Subsection 
13.31 for details.) Since each of is an Sp(2(7, Z)-equivariant injective homomorphism, to 
determine the image Im(r^) of is one of the most basic problems. In particular, from 
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a representation theoretic view, it is important to clarify the irreducible decomposition of 
Im(r^) as an Sp{2g, Q)-module where := (g) idg. In the following, the subscript 
Q always means tensoring with Q over Z. Now, we have Im(r/^) = A^H due to Johnson 
[Johlj . Furthermore the Sp{2g, Q)-module structure of Im(r^) are completely determined 
for 1 < < 4. (See a table in Subsection 13. 31 ) 

On the other hand, Morita jMo2] began to study the Johnson images systematically, and 
gave many remarkable results. Here we recall some of them. First, Morita [Mo2j showed 
that Im(r^) is contained in the kernel ^g,i{k) of H ®z '^2g{k + 1) — )■ C2g{k + 2) for any 
k > 2. (See Subsection 13. 3[ ) Second, he also showed that Im(r^) does not coincide with 
i)g,i{k) in general. Namely, the Johnson homomorphism : gr^(A^c, i) i)g,i{k) is not 
surjective in general. More precisely, he constructed an Sp{2g, Q)-equivariant surjective 
homomorphisms 

TTk:i}Zik)^S''HQ 

such that Trfc o = for any odd A; > 3 using the Magnus representation of Mg^i- 
Here S^Hq is the symmetric tensor product of Hq of degree k, and is isomorphic to 
the irreducible Sp(25f, Q)-module with highest weight [k]. Hence S^Hq appears in the 
irreducible decomposition of the cokernel Coker(r^) := f)^]^(A;)/Im(r^) for odd k > 3. 
We should remark that throughout the paper Coker(r^) denotes {)^i(fc)/Im(r^), not 

Hq (8)q C^g{k + 1)/Im(r^). Now, the map Tr^ is called the Morita trace, and S'^Hq the 
Morita obstruction. Here the term "obstruction" means an obstruction for the surjectivity 
of the Johnson homomorphism r^. We also remark that Hiroaki Nakamura, partially 
Asada and Nakamura |AN] . showed that the multiplicity of S'^Hq in Coker(r^) is exactly 
one in his unpublished work. 

From results for the irreducible decomposition of Coker(r^) for low degrees, it seems 
that the number of the irreducible components in Coker(r^) grows rapidly as degree 
increases. At the present stage, however, there are few results for obstructions other than 
the Morita obstruction for a general degree k. Thus, to establish a new method to detect 
a non-trivial irreducible component in Coker(r^) other than the Morita obstruction is an 
important problem in the study of the Johnson homomorphisms. 

The main purpose of the paper is to detect new series of obstructions in the Johnson 
cokernels. To state our theorem, we will use the following notations. First, we remark 
that for each k > 1 the symmetric group &k+2 of degree k + 2 naturally acts on the space 
f],Qj^ ^Y\.e right as a permutation of the components. For each 1 < i < k + 1, 
denote by Sj G &k+2 the adjacent transposition between i and i + and by crfc+2 the cyclic 
permutation Sk+iSk ■ ■ ■ S2S1. Let P be a subgroup of &k+2 which fixes 1. The group P 
is isomorphic to &k+i- The Dynkin-Specht-Wever element 6p for P in the group algebra 
Q&k+2 is defined to be 

Op := (1 - S2)(l - S3S2) ■ ■ ■ (1 - Sk+iSk ■ ■ ■ S2). 
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Our main theorem is 



Theorem 1. (= Theorem 7.8 .) Suppose k = l (mod 4), k>5 and g > k + 2. An element 
(P[ik] := (w (g) (ei A ■ ■ ■ A Ck)) ■ Op ■ {1 + a^+a + ■ ■ ■ + 



is an Sp-maximal vector of weight [1^] in f)^i(fc). Moreover this gives a unique Sp- 
irreducihle component with highest weight [1^] in Cokerr^. 

In addition to this, we also give a new proof of the fact that the Morita obstruction 
uniquely appears in Coker(r^) for odd > 3, due to Morita |Mo2j and Nakamura. (See 
Theorem 17.71 ) 

In order to prove these, we use two key facts. The first one is a remarkable work 
with respect to gr''(A^gi) due to Hain |Haj . In general, the graded sum gi{M.gi) ■ = 
©fc>igr'^(-^g,i) has a Lie algebra structure induced from the commutator bracket of I^^i. 
In [Ha], Hain showed that the Lie algebra giQ^M-g^i) is generated by the degree one part 
grQ(A^g_i) as a Lie algebra. This shows the following. Let ]^(/c) be the lower central 
series of Xg i and set gr'^(A^^^^) := M-'g^iik) / M.'g ,^{k + 1). Then we can define the Johnson 
homomorphism like homomorphism 

r',"" : gr'iM'g^,) l)g,,{k)- 

(See Subsection 13.31 ) Then Hain's result above induces Im(r^) = Im(r^'^) for any k > 1. 

The second is our previous result for the cokernel of the Johnson homomorphism of 
the automorphism group of a free group. By a classical work of Dehn and Nielsen, it is 
known that a natural homomorphism Aig^i — )■ Aut F2g induced from the action of A^g,i 
of the fundamental group 7ri(Sg i,*) = F2g is injective. Namely, we can consider Aig^i 
as a subgroup of Aut F2g. From this view point, we can apply results for the Johnson 
homomorphisms of Aut to the study of that of Mg,i- For any n > 2, in general, a 
subgroup IA„ consisting of automorphisms of a free group F„ which acts on Hi{Fn,Z) 
trivially is called the lA-automorphism group of -F„. Let A'j^{k) be the lower central series 
of IA„, and set gr'^(^^) := A'^{k) / A'^{k + 1) for any k > 1. Then we can define the Johnson 
homomorphism : gr'^(^^) — )• H* ®z i^nik + 1) for each k > 1. Then, in our paper jSa] . 
we showed that for k > 2 and n > k + 2, 

Coker(r^,Q) = C^ik) 

where C„(fc) := H'^''/ {ai ® ■ ■ ■ ® ak — a2 ® ■ ■ ■ ® ak ^ ai\ a-i E H). (See Subsection 13.31 for 
details.) 

In our previous paper |ESj . we gave the irreducible decomposition of Coker(r(, q) = 
C^{k) as a GL(n, Q)-module. Especially, we showed that S^Hq, which is also called the 
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Morita obstruction, appears in Coker(r^ q) with multiplicity one for any k > 2, and that 
A''Hq appears with multiphcity one for odd A; > 3. 

We remark that, as a GL(n, Q)-module, C^{k) is isomorphic to the invariant part 
an{k) := of H^'' by the action of Cyc^. Namely, the cokernel Coker(r^_Q) is 

isomorphic to Kontsevich's a„(fc) as a GL(n, Q)-module. We also remark that in our 
notation a„(/c) is considered for any > 2 in constrast to Kontsevich's notation for even 
n = 2g. (See p<oET] and [K^.) 

Combining Hain's result above and the fact Coker(r^Q) = C^{k) for n > A; + 2, we 
can establish a new method to detect non-trivial Sp-irreducible components in Coker(r^). 
(For more details, see Section 1711 ) The present paper produces the first successful results 
for the use of such method. 

Note added: After we wrote this paper. Professor Hiroaki Nakamura told us about 
the following personal communication. In 1996, in his mail to Professor Shigeyuki Morita, 
he mentioned that, for 1 < < 3, an Sp-module [l^'^+i] appears in i)g^i{k) with multiplicity 
one, based on his explicit calculation in |NT] . And he conjectured that these Sp-irreducible 
components [1^*^+^] survive in the Johnson cokernel. 



2 Notations 

Throughout the paper, we use the following notations. Let G be a group and a normal 
subgroup of G. 

• The binomial coefficient (") is denoted by nCr- 

• For any real number x, we set [a;J := max{n E Z\n < x}. 

• For any integer p, set 



^p=a (mod rn) 



1 if p = a (modm), 
if otherwise. 



The automorphism group Aut F„ of acts on F„ from the right unless otherwise 
noted. For any cr G Aut F„ and x G -F„, the action of cr on x is denoted by x'^. 

For an element g E G, we also denote the coset class of (7 by (7 G G/A^ if there is no 
confusion. 

For elements x and y of G, the commutator bracket [x, y] of x and y is defined to be 
[x, y] := xyx~^y~^. 
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• For elements gi, ■ ■ ■ ,gk £ G, a left-normed commutator 



[[■■■[[9i,92],g3],---],9k] 



of weight k is denoted by [gi^, gi2j ■ ■ ■ ^ gik\' 

• For any Z-module M and a commutative ring R, we denote M ®z -R by the symbol 
obtained by attaching a subscript R to M, like Mr or M^. Similarly, for any Z-hnear 
map f : A ^ B, the induced i?-linear map Ar — > Br is denoted by /r or 

• For a semisimple G-module M and an irreducible G-module A^, we denote by [N : M] 
the multiplicity of N in the irreducible decomposition of M. 

3 Johnson homomorphisms of the mapping class groups 
and the automorphism group of free groups 

3.1 Mapping class groups of surfaces 

Here we recall some properties of the mapping class groups of surfaces. For any integer 
> 1, let i be the compact oriented surface of genus g with one boundary component. 
We denote by M.g,i the mapping class group of E^^i. Namely, is the group of isotopy 
classes of orientation preserving diffeomorphisms of Eg^i which fix the boundary pointwise. 
The mapping class group A^g,i has an important normal subgroup called the Torelli group. 
Let /i_A4 : M.g,i — Aut(/Ji(Sg i, Z)) be the classical representation of M.g,i induced from 
the action of M.g,i on the integral first homology group i, Z) of i. The kernel of 

is called the Torelli group, denoted by i. Namely, Xg^i consists of mapping classes 
of Eg^i which act on i7i(E(, i, Z) trivially. 

Let us observe the image of ^m- Take a base point * of i on the boundary. Then the 
fundamental group 7ri(Eg i, *) of E^ ^ is a free group of rank 2g. We fix a basis Xi, . . . , X2g 
of 7ri(Eg^i, *) as shown Figure 1. 

Then the homology classes ei, . . . , e2g of xi, . . . , X2g form a symplectic basis of the ho- 
mology group i7i(Eg^i, Z). Using this symplectic basis, we can identify Aut(ifi(Ec,^i, Z)) as 
the general linear group GL{2g, Z). Under this identification, the image of hm is considered 
as the symplectic group 



where Ig is the identity matrix of degree g. 

Next, we consider an embedding of the mapping class group A^g,i into the automor- 
phism group of a free group of rank 2g. For n > 2 let F„ be a free group of rank n 



Sp(2c/, Z) := {X e GL{2g, Z) | 'XJX = J} for J 
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Figure 1: generators Xi, . . . , X2g of 7ri(Sg i, *) and a simple closed curve C, 



with basis xi, . . . ,Xn- We denote by Aut F„ the automorphism group of Let H be 
the abelianization Hi{Fn,Z) of F„ and n : Aut F„ — AutH a natural homomorphism 
induced from the abelianization map Fn — )■ H. Throughout the paper, we identify Aut H 
with the general linear group GL(n, Z) by fixing a basis ei, . . . , e„ of if induced from the 
basis Xi, . . . ,Xn of By a classical work of Nielsen |Ni], a finite presentation of Aut 
is obtained. Observing the images of the generators of Nielsen's presentation, we see that 
p is surjective. The kernel IA„ of p is called the lA- automorphism group of F„. The 
lA-automorphism group IA„ is a free group analogue of the Torelli group i. 

Now, throughout the paper, we identify 7ri(Sgi,*) with F2g, and Hi(T,gi,Z) with H 
for n = 2g using the basis above. Then the action of Aig,i on 7ri(Sg_i, *) = F2g induces a 
natural homomorphism 

(f : Mg^i AntF2g. 

By a classical work due to Dehn and Nielsen, it is known that (f is injective. More precisely, 
we have 

Theorem 3.1 (Dehn and Nielsen). For any g > 1, we have 

^iMg,i) = {aeAutF2g \ C = C} 

where ( = [xi, X2g][x2, X2g~i] ■ ■ ■ [xg, Xg+i] G F2g, namely ( is a homotopy class of a simple 
closed curve on Hg^i parallel to the boundary. 

For n = 2g, we have p^ = p° ^ '■ A^g.i — ^ Sp(2(7, Z), and a commutative diagram: 



lA 



2<? 



■AutFag— ^^GL(2^,Z) 



Sp(2(7,Z) 
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3.2 Free Lie algebras 

In this subsection, we recall the free Lie algebra generated by and its derivation algebra. 
(See [Si] and jRe] for basic material concerning the free Lie algebra for instance.) 

Let r„(l) D r„(2) D ■ • ■ be the lower central series of a free group F„ defined by the 
rule 

r„(i) := F„, r„(fc) := [r„(fc - 1), k> 2. 

We denote by Cn{k) := Vn{k) /Vn{k + 1) the /c-th graded quotient of the lower central series 
of F„, and by := 0fc>i'Cn(^) the associated graded sum. The degree 1 part £„(1) of 
Cn is just H. Classically, Magnus showed that each of Cn{k) is a free abelian, and Witt 
[W] gave its rank as follows. 

rankz(£„(A;)) = ^-Y] M5b(rf)n^ (1) 

d\k 

where Mob is the Mobius function. For any /c, / > 1, let us consider a bilinear alternating 
map 

[ , ]Lie : Cnik) X £„(/) ^ Cnik + I) 

defined by [ [a], jue := [[q^)/3]] for any [a] G Cn{k) and [(3] G Cn{l), where [a, f3] is a 
commutator in F„, and [ ] is a coset class of in Cn{k + 1). Then [, ]Lie induces 

a graded Lie algebra structure of the graded sum £„. By a classical work of Magnus, the 
Lie algebra £„ is isomorphic to the free Lie algebra generated by H. 

The Lie algebra £„ is considered as a Lie subalgebra of the tensor algebra generated 
by H as follows. Let 

T{H) ■.= Z®H®H^^®--- 

be the tensor algebra of H over Z. Then T{H) is the universal enveloping algebra of the 
free Lie algebra £„, and the natural map i : Cn T{H) defined by 

[X,Y]^ X ®Y -Y ®X 

for X, y G is an injective graded Lie algebra homomorphism. We denote by the 
homomorphism of degree k part of l, and consider Cn{k) as a submodule H®^ through t^. 

Here, we recall the derivation algebra of the free Lie algebra. Let Der(£„) be the graded 
Lie algebra of derivations of £„. Namely, 

Der(£„) := {/ : | f{[a,b]) = [/(a), 6] + [aj{b)], a,b e 

For k > 0, the degree k part of Der(£„) is defined to be 

Der(£„)(^) ■= {/ e Der(£0 I /(«) e Cn{k + 1), a G H}. 
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Then, we have 

Der(£„) = 0Der(/:„)(fc), 

fc>0 

and can consider Der (£„)(/:;) as 

RomziH, Cn{k + 1)) = H*®^Cn{k + 1) 

for each A; > 1 by the universahty of the free Lie algebra. Let Der'''(£„) be a graded Lie 
subalgebra of Der(£„)(A;) with positive degree. (See Section 8 of Chapter II in |Bouj .) 

3.3 (Higher) Johnson homomorphisms 

First we recall the Johnson filtration and the Johnson homomorphisms of the automorphism 
group of a free group. Then we consider those of the mapping class group. 

For each > 1, let Nn,k '■= Fn/Tnik + l) of Fn be the free nilpotent group of class k and 
rank n, and Aut Nn^k its automorphism group. Since the subgroup r„(A;+l) is characteristic 
in Fn, the group AutF„ naturally acts on A^^ ^. from the right. This action induces a 
homomorphism Aut F„ — )■ Aut Nn^k- Let An{k) be the kernel of this homomorphism. Then 
the groups An{k) define a descending filtration 

IA„ = An{l) D An{2) D ■ ■ • 

This filtration is called the Johnson filtration of AutF„. Set gr''(^„) := An{k)/An{k + 
1). Andreadakis |An] originally studied the Johnson filtration, and obtained basic and 
important properties of it as follows: 

Theorem 3.2 (Andreadakis, |Anj ). 

(z) For any k, I > 1, a E An{k) and x G r„(/), x^^x" G Tn{k + I). 

[a) For any k, I > 1, [An{k) , An{l)] C An{k + I). In other words, the Johnson filtration 
is a descending central filtration oflAn- 

(Hi) For any k>l, gi'' (An) is a free abelian group of finite rank. 

In order to study the structure of gr'^(^„), the k-th Johnson homomorphism of Aut F„ 
is defined as follows. 

Definition 3.3. For each k > 1, define a homomorphism fk '■ An{k) — )■ Homz(-f^, Cn{k+1)) 
by 

a f-> (x mod r„(2) t-^ mod r„(fc + 2)), x e Fn. 

Then the kernel of is just An{k + 1). Hence it induces an injective homomorphism 

Tk : gT\An) ^ RomziH, Cn{k + 1)) = H* ®z Cn{k + 1). 
This homomorphism is called the k-th Johnson homomorphism of Aut F„. 
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Here we consider actions of GL{n, Z) = Aut -F„/IA„. First, since each term of the lower 
central series of Fn is a characteristic subgroup, AutF„ naturally acts on it, and hence 
each of the graded quotient Cn{k). By (i) of Theorem 13. 2[ we see that the action of IA„ 
on Cn{k) is trivial. Thus the action of GL(n, Z) = Aut Fn/lAn on Cnik) is well-defined. 
On the other hand, since each term of the Johnson filtration is a normal subgroup of Aut 
the group AutF„ naturally acts on AniJ^) by conjugation, and hence each of the graded 
quotient gr^(^„). By (ii) of Theorem l3.2[ we see that the action of IA„ on gr'^(^„) is trivial. 
Namely, we may consider gr'^(^„) as a GL(n, Z) = Aut F„/IA„-module. With respect to 
the actions above, we see that The Johnson homomorphism Tk is GL(?t,, Z)-equivariant for 
each k>l. 

Furthermore, we remark that the sum of the Johnson homomorphisms forms a Lie 
algebra homomorphism as follows. Let gr(^„) := ©fc>i gr'^(^„) be the graded sum of 
gi^{An)- The graded sum gr(^„) has a graded Lie algebra structure induced from the 
commutator bracket on IA„ by an argument similar to that of the free Lie algebra 
Then the sum of the Johnson homomorphisms 

r:=0rfc:gr(A)^Der+(i:O 

fc>i 

is a graded Lie algebra homomorphism. (See also Theorem 4.8 in |Mo2j .) 

In the following, we consider three central subfiltration of the Johnson filtration of 
Aut-F„, and "restrictions" of the Johnson homomorphism r^. 

The first one is the lower central series of IA„. Let A!^{k) be the lower central series 
of IA„ with ^^(1) = IA„. Since the Johnson filtration is central, A!n{k) C AniJ^) for each 
k>l. Set gr'^i^;,) := A!^{k) / A!^{k + 1) . Then GL(n, Z) naturally acts on each of gr'=(^;,), 
and the restriction of ffc to A!n{k) induces a GL(n, Z)-equivariant homomorphism 

T',:gv\j^:)^H* ®z Cr,{k + l). 

We also call r( the Johnson homomorphism of AutF^. We remark that if we denote by 
ik : gr'^(^^) — i- gr'^(^„) the homomorphism induced from the inclusion Al^ik) )■ Anik), 
then = Tk o for each k > 1. Similarly to the sum r of r^s, the sum r' := ©A:>ir^ : 
gr(^^) — )■ Der"'"(£„) is a graded Lie algebra homomorphism. 

Let Cn{k) be a quotient module of H®^ by the action of cyclic group CyCj^. of order k 
on the components: 

Cn{k) = H'^^ I (ai (g) 02 (8) ■ ■ ■ flfc — a2 ® 0.3 ® ■ ■ ■ ® o-fe ® o-i I flj G -?/). 

In [Saj . we determined the cokernel of the rational Johnson homomorphisms in stable 
range. Namely, we have 
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Theorem 3.4 (Satoh, [Saj). For any k >2 and n > k + 2, 

Coker(r^,Q)=C„QW- 

We also remark that in our previous paper |ESj , we studied the GL- irreducible decom- 
position of C^{k). For more details, see Proposition 17.21 and Proposition 17.31 

Next, we consider the Johnson filtration of the mapping class group. By Dehn and 
Nielsen's classical work, we can consider A^g,i as a subgroup of AutF2g as above. Under 
this embedding, set J^g^i{k) := M.g^i H ^2c/(fc) for each k>l. Then we have a descending 
filtration 

X,,i = A^,,i(1)dM,,i(2)d--- 

of the Torelli group X^^i. This filtration is called the Johnson filtration of M.g,i- Set 
gr^(A^c, i) := J^g^i{k) / M.g^i{k + 1). For each > 1, the mapping class group M.g^i acts 
on gi^{M.g i) by conjugation. This action induces that of Sp(2(yf, Z) = A^^ i/Xg i on it. 

By an argument similar to that of Aut-F„, the Johnson homomorphisms of M.g,i are 
defined as follows. For n = 2g and k > 1, consider the restriction of : A2g{k) — > 
Homz(-ff, ^2g{k + 1)) to J^g^i{k). Then its kernel is just Aig^i{k + 1). Hence we obtain an 
injective homomorphism 

: gi'iMg^i) ^ RomziH, C^gik + 1)) = H* ®z + 1). 

The homomorphism is Sp(2(7, Z)-equivariant, and is called the /c-th Johnson homo- 
morphism of Mg,i- If we consider a GL(2(yf, Z)-module if as a Sp(25f, Z)-module, then 
H* = H hj the Poincare duality. Hence, in the following, we canonically identify the 
target H* ®z A3 (A: + 1) of with H (g)z C2gik + 1). 

Historically, the Johnson filtration of Aut F„ was originally studied by Andreadakis 
|An] in 1960's as mentioned above. On the other hand, the Johnson filtration and the 
Johnson homomorphisms of A^g,i were begun to study by D. Johnson |Johl] in 1980's 
who determined the abelianization of the Torelli subgroup of the mapping class group of 
a surface in |Joh4] . In particular, he showed that Im(r^) = A^H as an Sp{2g, Z)-module, 
and it gives the free part of Hi(Ig^i, Z). 

Now, let us recall the fact that the image of is contained in a certain Sp{2g, Z)- 
submodule of H ®z C2g{k + 1), due to Morita |Mo2j . In general, for any n > 1, let 
H ®z j^nik + 1) — > Cn{k + 2) be a GL(n, Z)-equivariant homomorphism defined by 

a®Xt-^[a,X], for aeH, X e Cn{k + 1). 

For n = 2g, we denote by the kernel of this homomorphism: 

i)g,i{k) := KeiiH ®z C2g{k + 1) ^ C2g{k + 2)). 
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Then Morita |Mo2j showed that the image Im(rj!^) is contained in f)p i(A;). Therefore, 
to determine how different is Im(r^) from i)g^i{k) is one of the most basic problems. 
Throughout the paper, the cokernel Coker(r^) of always means the quotient Sp{2g, Z)- 
module f)g,i(/c)/Im(rjf^). So far, the Sp-module structure of Coker(r^) is determined for 
1 < < 4 as follows. 



k 




Coker(T,^Q) 




1 


[13] e [1] 





Johnson jJohlj 


2 


[22] e [i2] e [0] 





Morita [MoT], Hain [Ha] 


3 


[3, l2] © [2, 1] 


[3] 


Asada-Nakamura [ANj, Hain [Ha] 


4 


[4, 2] © [3, 1^] © [23] © 2[3, 1] © [2, 1^] © 2[2] 


[2, l2] © [2] 


Morita [Mo3] 



Morita [Mo2] showed that the symmetric tensor product S^Hq appears in the Sp- 
irreducible decomposition of Coker(r^) for odd k > 3 using the Morita trace map. In 
general, however, to determine the cokernel of is a difficult problem. 

Here, we recall a remarkable result of Hain. As an Sp{2g, Z)-module, we consider f)g,i(fc) 
as a submodule of the degree k part Der(£„)(A;) of the derivation algebra of £„. On the 
other hand, the graded sum 

k>l 

naturally has a Lie subalgebra structure of Der"^(£„). Therefore we obtain a graded Lie 
algebra homomorphism 

fc>i 

Then we have 

Theorem 3.5 (Hain [Ha] ). The Lie subalgebra Im(rQ') is generated by the degree one part 
Im(rj^) = A^Hq as a Lie algebra. 

Finally, we consider the lower central series of the Torelli group, and reformulate 
Hain's result above. Let Ai'g^i{k) be the lower central series of X^^i, and set gr^{Ai'g {) := 
M'g^iik)/M'g^i{k + 1) for k > 1. Let r^"^ : gr'=(A^;,i) ^ H ®z ^2a{k + 1) be an Sp- 
equivariant homomorphism induced from the restriction of to Ai'g i{k). Then we have 

Proposition 3.6 (Hain, [Haj ). We have Im(r^) = Im(r^"^) for each k > 1. 
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For n — 2g, we have the following commutative diagram: 

r^,QC . H*^ ®Q + 1) ^ C^^ik) 

Imr^^Q — Imri^^ D^lfc)^ i^Q ®Q A^^.l^; + 1) Cf,{k + 1) 

4 Highest weight theory for Sp(2p, Q) 

4.1 Irreducible highest weight modules for Sp(25', Q) 
Let us consider the general linear group GL(n, Q) and the symplectic group 

Sp(2^, Q) := {X e GL{2g, Q) | 'XJX = J} for J = ^ 

where /g is the identity matrix of degree g. We fix a maximal torus 

T„ = {diag(a;i, . . . , x„) \ Xj j^O, 1 < j < n} 

of GL(n, Q). The intersection Sp{2g, Q) fl — {diag(xi, . . . , . . . , Xi^)} gives a 

maximal torus of Sp{2g, Q). We also fix this maximal torus and write T^^. 

We define one-dimensional representations Ei of T„ by £i(diag(a;i, . . . , = Xi. Then 



^GL(n,Q) := {Al£l + • • • + XnSn | G Z, 1 < i < n} ^ Z", 
-^GL(n,Q) {Al^l H h Xn^n £ -PGL(n,Q) | Ai > A2 > • • • > A„} 



give the weight lattice and the set of dominant integral weights of GL(n, Q) respectively. 

■2g 



U n = 2g, we can restrict Si to Tg^^ for 1 < i < g. Then 



Psp(2g,Q) := {Ai£i + • • • + XgSg I Ai e Z, l<i<g}^Z^, 

^st(2p,Q) {^1^1 + • • • + Xg^g e ^Sp(25,Q) | Ai > A2 > • • • > Ag > 0} 

give the weight lattice and the set of dominant integral weights of Sp(2gf, Q) respectively. 
In particular, there exists a bijection between -Pg^(2g q) partitions such that 

^(A) < g. 

Let G be a classical group GL(n, Q) or Sp{2g, Q), T its fixed maximal torus, P its weight 
lattice and P"*" the set of dominant integral weight with respect to T. For a rational 
representation V of G, there exists an irreducible decomposition V = ^xeP ^ ^ 
module where := {^^ ^ ^ I = X{t)v for any t e T}. We call this decomposition a 
weight decomposition of V with respect to T. If Vx ^ {0}, then we call A a weight of V . 
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For a weight A, a non-zero vector v eVxis call a weight vector of weight A. 
Let U be the subgroup of G consists of all upper unitriangular matrices in G. For a rational 
representation V of G, we define V'^ := {v E V \ uv = v for all u G U}. We call a non-zero 
vector V G a maximal vector of V. This subspace is T-stable. Thus, as a T-module, 
V'-^ has a irreducible decomposition = ^xeP where := fl Vx. 

Theorem 4.1 (Cartan-Weyl's highest weight theory). 

{i) Any rational representation of V is completely reducible. 

[a) Suppose V is an irreducible rational representation ofG. Then is one- dimensional, 
and the weight A ofV^ — V^^ belongs to P"^. We call this A the highest weight of V , 
and any non-zero vector v G V^^ is called a highest weight vector of V . 

{Hi) For any A G P~^, there exists a unique (up to isomorphism) irreducible rational 
representation of G with highest weight A. Moreover, for two A, G , = 
if and only if X — /i. 

{iv) The set of isomorphism classes of irreducible rational representations ofG is parametrized 
by the set P'^ of dominant integral weights. 

{y) Let V be a rational representation of G and xv « character of V as a T-module. 
Then for two rational representation V and W , they are isomorphic as G-modules if 
and only if xv = Xw- 

Remark 4.2. We can parametrize the set of isomorphism classes of irreducible rational 
representations of GL(n, Q) by PQi^^^ciy other hand, we define the determinant 

representation by det^ : GL(n, Q) 3 X ^ detX^ G Q^. The highest weight of this 
representation is given by (e, e, • • • , e) G -PGL(nQ)- If ^ satisfies A„ < 0, then 
= f^j^{Xi-\nM-Xn,-fi) ^ Moreover the set of isomorphism classes of polynomial 

irreducible representations is parametrized by the set of partitions A such that £(A) < n. 
We denote the polynomial representations corresponding to a partition A by Lq^, L^'^^ or 
simply (A). 

Remark 4.3. We can parametrize the set of isomorphism classes of irreducible rational 
representations of Sp(25', Q) by Pgp(2g q) ~ {"^i ^ ^2 > ■ ■ ■ > A^ > | Aj G Z, 1 < i < n}, 
namely the set of partitions A such that £{X) < g. In this paper, we denote the irreducible 
representation corresponding to A by Lgp, L^^^ or simply [A]. 

Note that the natural representation Hq = Q^^ of Sp{2g, Q) is irreducible with highest 
weight (1, 0, . . . , 0) and = Hq by the Poincare duality. More precisely, we set i' :— 
2gf — i + 1 for each integer 1 < i < 2g. Then for the standard basis {ej}^£^ of Hq, we see 

(ci, Cj) = = (ej/, ej>), {ci, e^/) = 6ij = -{cf, e^), {l<i<g). (2) 
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There is an isomorphism Hq — )■ Hq as Sp{2g, Q)-modules given by 

HQ3v^{;v)eH*Q. (3) 
In general, all irreducible rational representation [A] is isomorphic to its dual. 

Let us recall Pieri's formula, the simplest version of the decomposition of tensor product 
representations. For two partition A and fj, satisfying A D /x, the skew shape X\fj, is a vertical 
strip if there is at most one box in each row. 

Theorem 4.4 (Pieri's formula). Let n be a partition such that l{ix) < n. Then 

A 

where A runs over the set of partitions obtained by adding a vertical k-strip to fi such that 
i{X) < n. 

4.2 Branching rules from GL{2g, Q) to Sp{2g, Q) 

We regard Sp{2g, Q) as a subgroup of GL{2g, Q). We consider the restriction of an irre- 
ducible polynomial representation Lql to Sp{2g, Q). We can give its irreducible decompo- 
sition using the Littlewood-Richardson coefficients LR^^ as follows. 

Theorem 4.5 ([FHl 25.39], [KTl Proposition 2.5.1]). Let \ = (Xi > \2 > ■ ■ ■ > \g > 0) be 

a partition such that i{X) < g. Then we have 

R-sp,a?)'(iGL)^eiv..ii 

A 

where A runs over all partitions such that i{X) < g. Here 

^aa = ElRJa 
■n 

where rj runs over all partitions rj = {rji = ri2 > rj^ = rj^ > ■ ■ ■ ) with each part occurring an 
even number of times, namely rj' even. Here rj' is a conjugate partition of rj. 

Remark 4.6. We give a combinatorial description of the Littlewood-Richardson coeffi- 
cients, (e.g. |FHj . |Macj .) For two Young diagrams A and /i satisfying A C /x, we denote by 
A\/i a skew Young diagram, which is the difference of A and /i. For a skew Young diagram 
of size m, a semistandard tableau of shape A\/i is an array T of positive integers 
1, 2, . . . , m of shape X\fi that is weakly increasing in every row and strictly increasing in 
every column. 
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(i) For two partitions A D a semi-standard tableau on A\/i is a numbering on A\/i — >■ 
Z>i such that the numbers inserted in A\yU must increase strictly down each column 
and weakly from left to right along each row. For a semistandard tableau on A\/i, 
we denote the number of i appearing in this semistandard tableau by mj. We call 
{mi, 7712, ■ ■ ■) a. weight of the semistandard tableau. 

(ii) For a semistandard tableau T on A\/i, we define a sequence w{T) of integers by 
reading the numbers inserted in A\/x from right to left in successive rows, starting 
with top row. 

(iii) For a sequence w = {aia2---), we denote the number of i appearing in a sub- 
sequence {aia2---ar) by mj(aia2 • ■ ■ a,.). A sequence w is a lattice permutation if 
mi{aia2 ■ ■ ■ ar) > 777.2(0102 • • • o^) > • • • for any r > 1. 

The Littlewood-Richardson coefficients LR^^^ is the number of semi-standard tableaux T 
on X\ii with weight v such that w{T) is a lattice permutation. 

4.3 Review on the classical Schur-Weyl duality 

For the natural representation Hq = L^^^ of GL(n, Q), we consider the A;-th tensor 
product representation : GL(n, Q) — > GL{H^'') of Hq. For each A; > 1, the symmetric 
group &k oi degree k naturally acts on the space H^'^ from the right as a permutation 

of the components. Since these two actions are commutative, we can decompose Hq' 
as a (GL(t7, Q) x (3fc)-module. Let us recall this irreducible decomposition, called the 
Schur-Weyl duality for GL(n, Q) and (3^. 

Theorem 4.7 (Schur-Weyl's duahty for GL(n, Q) and &k)- 

(i) Let X be a partition of k such that < n. There exists a non-zero maximal vector 
v\ with weight A satisfying the following three conditions: 

(a) The &k-invariant subspace :— X^^gg^ Qvx ■ a gives an irreducible representa- 
tion of &k- 

(b) The subspace (i^Q^)^ of weight A coincides with the subspace S^, where U is the 
fixed unipotent subgroup o/GL(77, Q) consisting of upper unitriangular matrices. 

(c) The GL{n,Ql) -module generated b7j v\ is isomorphic to the irreducible represen- 
tation LqI of GL(n, Q) with highest weight A. 

(ii) We have the irreducible decomposition: 

A=(Ai>->A„>0)l-fe 

as (GL(n, Q) x (3fc)-moo?uZes. 
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(Hi) Suppose n > k. Then {S^ | A h A;} gives a complete representatives of irreducible 
representations of &k- 

Remark 4.8. 

(i) The irreducible representation of &k is isomorphic to the following ©^-module. 
For a partition A of k, we define two special Young subgroups C\ := ©a^ x Qx^ x ■ ■ ■ 
and R\ := &x[ x &x'^ x ■ ■ ■ of &k- Here a partition A' = (A'^, A2, . . .) is the conjugate 
partition of A. In the group algebras of these two groups, we find idempotents 

ax = cr ^ Q-Ra, and = tttt sgn(cr)(T G QCx- 

Then cx = |-Ra| IC^a^a^a gives an idempotent in QS^, called the Young symmetrizer 
for A. The right ideal cx ■ Q,&k in Q6fe gives an irreducible (3fc-niodule which is 
isomorphic to above. 

(ii) We construct vx appearing in the theorem above by the following way. 
First, we define f 1 A f 2 A ■ ■ ■ A f to be an anti-symmetrizer 

^ sgn((T)(t;i ®V2®---®Vr)-a e H'^\ 

For the natural base {cj}"^]^ of ifq, we define 

t;a := (ei A ■ ■ ■ A Ca'J ® (ei A ■ • ■ A Ca^) ® ■ ■ ■ G H®^ . (4) 
Note that vx is a maximal vector of weight A and 

Vx = {ei ® ■ ■ ■ ® ey^® ei ® ■ ■ ■ ® ex'^® ■ ■ ■) ■ Cx- 
This Vx gives our desirable vector in the theorem above. 

4.4 Brauer-Schur-Weyl's duality 

The first two subsection is based on |HYj and [Huj . The last one is based on |Raj . 

4.4.1 Brauer algebras 

Let us define the Brauer algebra Bk{—2g) with a parameter —2g and size k. 
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Definition 4.9. The Brauer algebra Bk{—2g) over Q is a unital associative Q-algebra 
with the following generators and defining relations: 

generators : Si, . . . , 71, . . . , 7n_i, 
relations : s- = 1, 7,^ = (-251)7^, 7^5^ = % = Sj7i, (!<«</;;- 1), 

SiSj = SjSi, Si-fj = jjSi, 7i7j = 7j7i, (1 < i < j - 1 < A; - 2), 
SjSi+iSi = Sj+iSiSi+i, 7i7i+i7i = 7i, 7i+i7i7i+i = 7i+i, (1 < « < ^ - 2), 
Si7i+i7i = Si+i7i> 7i+i7iSi+i = 7j+iSj, {I <i <k - 2). 

Renicirk 4.10. The Brauer algebra Bk{—2g) is obtained by the following diagrammatic 

way. 

First of all, the Brauer k diagram is a diagram with specific 2k vertices arranged in two 
rows of k each, the top rows and the bottom rows, and exactly k edges such that every 
vertex is joined to another vertex (distinct from itself) by exactly one edge. 




We define a multiplication of two diagrams as follows. We compose two diagrams Di 
and D2 by identifying the bottom row of with the top row of D2 such that the i-th 
vertex in the bottom row of Di is coincided with the i-th vertex in the top row of D2. 
The result is a graph, with a certain number, n{Di, D2), of interior loops. After removing 
the interior loops and the identified vertices, retaining the edges and remaining vertices, 
we obtain a new Brauer /c-diagram Di o D2. Then we define a multiplication Di ■ D2 by 
(_2^)M^i,^2)25^ o D2. 




The Brauer algebra Bk{—2g) is defined as Q-hnear space with a basis being the set of the 
Brauer fc-diagrams and the multiplication of two elements given by the linear extension of 
a product above. 
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The generators Sj and 7j correspond to the following diagrams. 

1 ... i i+l ... k 

• • 

7i = 



i+l 




l<i<k-l] 



'l<i<k-l] 



4.4.2 Decomposition of tensor spaces (Brauer-Schur-Weyl's duality) 

Let us recall the inner product on Hq defined by ([2j). Set i' := 2g — i + l for each integer 
1 < i < 2g. For the standard basis {ej}^£^ of Hq, we see 

{ei,ej) = = {ei',ef), (ei^ef) = 6ij = -{ej>,ei), {l<i<g). 

For each integer I < i < 2g, we define 



ei', {l<i<g), 
-Ci', {g + l<t<2g). 



(5) 



Then both of {e.j}^£]^ and {e*}f^i are basis for Hq such that one is dual to the other in the 
sense that (ej,e*) = 6ij for any 

The following lemma is obvious, but important to generalize the Schur-Weyl duality for 
Sp(2^?,Q). 



Lemma 4.11. An element 



2g 
1=1 



Ci ® e* G Hg" 



is invariant under the action ofSp{2g, Q) on Hq^. 

We define a right action of Bk{—2g) on Hq^ as follows. 

Proposition 4.12. There is a right action of Bk{—2g) on Hq' which is defined on gen- 
erators by 



[vi^ ® ■ • ■ ® fj J ■ 7j := -fii ® ■ ■ • ® Vi^_^ ® yY^Ck® e^A® Vi^^^ ® • ■ ■ ® f i^, 

{Vi^ ®---® ViJ ■ Sj := -fj, ®---® Vi^^^ ® Vi^^^ ® Vi^ ® Vi^^2 ®---®Vi^, 
for any , . . . , t>jj. G Hq. Moreover, this action commutes with that ofSp{2g, Q). 
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Here we state the Brauer-Schur-Weyl duality. 

Theorem 4.13 (Brauer-Schur-Weyl's duality for Sp(2(7,Q) and Bk{—2g)). 

(i) Let \ be a partition of k — 2j for < j < [|J such that < g. Then there 
exists a maximal vector vx G Hq' with highest weight X satisfying the following three 
conditions: 

(a) A Bk{—2g)-submodule 

aeBk{~2g) 

of Hq^ gives an irreducible representation of Bj^(—2g). 

(b) The subspace {Hq')^ of Hq^ coincides with D'^. Here U is the fixed unipotent 
subgroup for Sp{2g, Q). 

(c) The Sp{2g,Cl) -module generated by vx is isomorphic to the irreducible represen- 
tation of Sp{2g, Q) with highest weight A. 

(a) We have the irreducible decomposition 

L-J 

= © © L^sl ^ D\ 

j=0 Xrk-2j/{\)<g 

as an (Sp(25f, Q) x Bk{—2g)) -module. 

(Hi) Suppose g>k. Then {D^ \ A h k-2j (0 < j < [|J)} gives a complete representatives 
of irreducible representations of Bk{—2g). 

In our purpose of this paper, to observe an explicit construction of vx and a description 
of is important. 

Theorem 4.14 ( |Hu[ Definition 3.9, Lemma 3.10, Lemma 4.8]). 

(i) For a partition \ of k — 2j for < j < [|J such that < g, a maximal vector vx 
is given by 

Vx := o;®^' ® (ei A ■ ■ ■ A Ca'J ® (ci A ■ ■ • A e^^) O ■ ■ ■ . 

(a) We regard a subalgebra generated by Si {1 < i < k — 1) in Bk{—2g) as a group algebra 
Q(3fc. Then the right module vx ■ Bk{—2g) coincides with vx ■ Q&k o,s a Q-vector 
space. 
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4.4.3 Character values and decompositions of D'^ as an ©^-module 

We give a branching low of the irreducible 25')-modules as (3fc-niodules. But 
confusingly, the algebra Q&k has an involution 6 : a sgn{a)a, and the action of a 
subalgebra generated by Si's in Bk{—2g) on H^^ is twisted by this involution. Therefore a 
QSyfc-module D is isomorphic to sgn^D as an t(Q©fc)-module. Here sgn is the signature 
representation of &k- Note that an irreducible ©^-module is isomorphic to sgn ® S'^. 
In our purpose, we consider the ordinary (untwisted) action of &k on Hq' in the following 
theorem (ii). 

Theorem 4.15 ([Ral Theorem 5.1]). 

(i) For a partition \ of k — 2j for < j < [|J such that < g, let X%^[-2g) 
irreducible character of D^. Then we have 



uhk 



k,wZ}y \P:even / 



for any a E &k C (a subalgebra generated by {s.i}'l~l). Here Xe^ '^'^ irreducible 
character of Gk associated to a partition v of k. The number LR is the Littlewood- 
Richardson coefficient. The even partition (3 = {/3i, (32, ■ ■ ■) is a partition such that 
any parts (3i are even. 

(ii) We have the irreducible decomposition of is given by 

with respect to the ordinary &k-action on Hq'. 

Remark 4.16. For a partition X\- k — 2j , we have the following dimension formula: 

dimD^ = kC2j{2j - 1)!! ■ dimS\ 

This gives the multiplicity of Lgp in H^^. For A = 0, the formula above is nothing but 
[Mo3l Lemma 4.1]. 

5 Dynkin-Specht-Weyman's idempotent and the free 
Lie algebras 

Let us consider the right action of &k+2 on Hq^''~^'^\ Set (Tj := Si_iSj_2 • • - Si for each 
2 < z < A; + 2, and 

9k+2 ■■= (1 - 0-2) ■ ■ ■ (1 - crfc+2) e Q&k+2- 
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This element characterizes the degree (A; + 2)-nd part £^(A; + 2) of the free Lie algebra £^ 
generated by Hq = Q^^ as follows, (e.g., [Gaj Theorem 2.1], |Re[ Theorem 8.16], |Mo3t 
Lemma 4.5].) 

Theorem 5.1 (Dynkin-Specht-Wever). 

(i) 9l_^_2 = {k+2)9k+2- We call an element ■j^9k+2 th^ Dynkin-Specht-Wever idempotent. 

(a) For f 1 ® f2 (8) ■ • ■ (8) Vk+2 £ Hq^^'^ , a left-normed element [vi, V2, ■ ■ ■ , Vk+2] G '^^g{k + 1) 
coincides with (f 1 ® f 2 ® ■ ■ ■ CS) ffc+2) ■ Hence the right action of 9k+2 on ifq^^^ 

induces a projection H^^'^ £^(A;+1), and H^^'^-9k+2 is isomorphic to £^(A;+2). 

(Hi) For V G Hq '''^'^\ the following two conditions are equivalent; 

(a) + 

(b) V ■ 9k+2 = {k + 2)v. 

Recall that we need to consider the Sp{2g, Q)-module 

[)2,{k) = Ker(iJQ ®Q £|(A; + 1) ^ C^^{k + 2)). 

To characterize f)^i(fc) in H'^^'^, let us consider a subgroup P of &k+2 which fixes 1. 
Namely, P is isomorphic to ©^+1. Set 

9p := (1 - S2)(l - S3S2) ■ ■ ■ (1 - Sk+iSk ■ ■ ■ S2). 

We can regard this element in QP as the Dynkin-Specht-Wever idempotent for P. Using 
this element, we obtain a characterization of f)^i(/c) as the following theorem. 

Proposition 5.2 ( |Mo3t Proposition 4.6]). For v G H^^^'^\ the following two conditions 
are equivalent; 

(i) V G \)'^^,{k), 

(a) V ■ 9p = {k + l)v and v ■ (Jk+2 = v. 
Corollary 5.3. We have 

9p-{l + ak+2 + ^1+2 + ■■■ + 4X1) ■dp = {k + l)9p ■ (1 + ak+2 + ^+2 + " " " + 4X1) 
on ifq^^^. Thus we obtain 

V ■ 9p(l + <Jk+2 + 4+2 + ■■■ + 4X1) e 

for any v G 
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Proof. Let us recall the following expansions of a left-normed element in the free Lie alge- 
bra: 

[Xi,X2, ...,Xm] = "^{-lyXi^ (g) • ■ • (g) (g) Xl (g) (g) • ■ ■ (g) Xj^_^_-, (6) 

where the sum runs over all integers r and tuples {ii, . . . ,ir) and (ji, . . . ,jm-r-i) of integers 
satisfying the conditions 

< r < m — 1, m > ii > ■ ■ ■ > ir > 2, 2 < ji < ■ ■ • < j^-r-i < 

(See e.g., |Ret Lemma 1.1].) The expansion above is equivalent to 

^{-ly^^Xi^ (g) ■ ■ • (g) Xj^ (g) X2 (g) (g) • ■ ■ (g) Xj„_^_, (7) 

where the sum runs over all integers r and tuples {ii, . . . , and (ji, . . . , jm-r-i) of integers 
satisfying the conditions 

< r < m — 1, m > ii > ■ ■ ■ > ir > I, 1 < ji < • • ■ < jm-r-i < fn 

and ii,. . . ji, • • • , jm-r-i 7^ 2. 

Note that (f i (g) ■ ■ ■ (g) Vk+2) ■ Op = vi® [v2, . . . , t;fc+2] for any Vi, . . . , Vk+2 G i/q. To prove 
our statement, we shall prove 

(f 1 ® ■ ■ ■ ® • ■ (1 + (T + ■ ■ ■ + 

fc+2 

= t;i (g) [t;2, . . .,Vk+2] - ^Vj® [[f2,t^3, • • • ■ ■ ■ , [Vk+2,Vi] ■ ■■]]]. (8) 

i=2 

In the formula above, the righthand side is contained in Hq (g)Q C^g{k + 1). Therefore if 
dH]) is true, by Theorem 15. Ij we obtain our claim. 
To prove the formula (|8]), we set 

Xi = [Ui, . . . , Vj-i], X2 = Vj, X3 = Vj+i, . . . , Xk+4-s = Vk+2- 

Then applying the formula ([7]), we expand (f 1 (g) ■ • • (g) Vk+2) ■ Op like as 

vi (g) ^(-l)''~-^Xii (g) ■ ■ ■ (g) aJi^ (g) 2:2 (g> Xj, (g) • ■ ■ (g) Xjj^^3_^_^ 

satisfying the similar condition for ([7]). Hence, in (t>i (g) ■ ■ ■ (g) f fc+2) ■ ^^p ■ (1 + cr + ■ ■ ■ + 0"'''+^), 
the terms which first part is equal to vj are given by 

""j ® ^i-^y^^^ji ® ■ ■ ■ ® 3:^^+3-,-, fg) ® a^ii ® ■ ■ ■ (g> a;^^ (9) 
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satisfying the conditions 

0<r<k + 3-s, I < ji < ■ ■ ■ < jk+3-s-r <k + 2, k + 2>ii>--->ir>l 
and ii, . . ., v, ji, ■ ■ •, jfc+s-s-r 7^ 2. 

On the other hand, note that the following expansion of a right-normed element in a free 
Lie algebra: 

[Xi, [X2, ■ ■ ■ , [Xm-1, Xm] ■■■]]= '^{-'^YXj^ ® ■ ■ ■ ® Xj^_^^^ <S) Xm <S) Xi^ <S) ■ ■ ■ <S) Xi^, 

where the sum runs over all integers r, tuples {ii, . . . ,ir) and (ji, . . . ,jm-r-i) of integers 
satisfying the conditions 



Applying this formula to ([9]), we obtain 

-Vj (g) [Xi, [X2, ■ ■ ■ , [Xfc+4-s, f l]]] 

for xi = [vi, . . . ,Vj-i], X2 = Vj, X3 = Vj+i, . . ., Xk+4-s = Vk+2- Thus we have the formula 



6 Multiplicities in Res^y^^ S via Kraskiewicz-Weyman's 
combinatorial description 



Let Cyc^ be a cyclic group of order k. Take a generator 0"^ of Cyc^ and a primitive fc-th 
root Cfc € C of unity. In this section, we consider representations of the cyclic group Cyc^ 
over an intermediate field Q(Cfc) C K C C. 

To begin with, we define one-dimensional representations (or characters) xi • Cyc;. — t- 
by = Cfc for < j < A; — 1. Especially, we denote the trivial representation x° by 

trivfc. The set of isomorphism classes of irreducible representations of Cyc^, is given by 
{Xfc, < j < k — 1}. Consider Cyc;. as a subgroup of &k by an embedding h-)- (1 2 ■ ■ ■ fc)* 
for < i < k — 1. Let us recall Kraskiewicz-Weyman's combinatorial description for the 
branching rules of irreducible Sfc-modules to the cyclic subgroup Cyc;.. To do this, first 
we define a major index of a standard tableau. 

Definition 6.1. For a standard tableau T, we define the descent set of T to be the set of 
entries z in T such that z + 1 is located in a lower row than that which i is located. We 
denote by D{T) the descent set of T. The major index of T is defined by 



0<r<m — 1, m > ii > ■ ■ ■ > ir > 1, 



1 < Ji < ■ ■ ■ < jm-r-i < m. 



m 



□ 




ieDiT) 



If D{T) = 0, we set maj(T) = 0. 
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Theorem 6.2 ( |KWj . |Re[ Theorem 8.8, 8.9], [Ga, Theorem 8.4]). The multiplicity ofxi in 
ReSpyj.^ is equal to the number of standard tableaux with shape A satisfying maj (T) = j 
modulo k. 

Example 6.3. For k > 2, we have the following table on the multiplicities of triv^ = 

and x]- 



mult, of Xm 



T 



major index 



mult, of triv^ 



(m) 



1 


2 




m 



(m- 1,1) 



1 


2 




TO 


p 





(2 < p < to) 



p-1 



(1") 



to(to — 1) 



0, TO : odd 
— '■ even 



1, TO : odd 
0, TO : even 



1, TO = 2 

0, TO ^ 2 



(2, 1™"2) 



1 




2 






TO 



(2 < p < to) 



to(to — 1) 



1-p 



(p-1) 



TO : odd 
TO : even 



1, TO : even 
0, TO : odd 



1, TO 7^ 2 
0, TO = 2 



Example 6.4. For m > 3 and a partition A = (m — 2, 1^), we have 



(i) [triv„ : Res®- S^] 



[m — 2)/2 if m : even, 
(m — l)/2 if m : odd. 



(ii) [xl : ResS-^ S^] 
In fact, for a partition 



(m-3)/2 
(m-2)/2 



if m : odd, 
if m : even. 



m 



T 



P 
Q 
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its major index is given by maj(T) — p + q — 2for2<p<q<m. Then maj(T) = 
(mod m) if and only ii p + q — m + 2. Hence we have the number of standard tableaux of 



m 



shape A is equal to — — 1 for odd m and 



1 



for even m. On the other hand, maj(T') 



2 2 
(mod m) if and only if p + g = m + 3. Hence the number of standard tableaux of shape A 
^ 2 

is equal to for odd m and for even m. 

^2 2 

Example 6.5. For m > 4 and a partition A — (2^, 1"*"'^), we have 



m— 


3 


2 




m— 


4 


2 




m— 


2 



if m is odd, 

if m = (mod 4), 

if m = 2 (mod 4). 



To prove this, we consider the following two kind of standard tableaux of shape A: 



T 



p,q 



1 



m 



p 



{2<p<p + l<q<m), Tp 



1 


p 


2 


V + 1 


m 





(3 <p < m - 1). 



Their major indices are given by 

, mim — 1) „ , -trnx m(m — 1) 
^^i{Tp,q) = \-2-p-q and maj(Tp) = \- 1 - p. 



If m is odd, ^'•^ = (mod m). Thus maj(Tp^g) = 1 (mod m) if and only iip+q = m+1. 
The number of such {p, q)s is ^^y^. There is no Tp such that maj(Tp) = 1 (mod m). If m 



m(m— 1) 
2 ■ 

for m > 4. If m 



IS even, 



(mod m). Since m ^ 2, maj(Tp) = 1 (mod m) if and only if p = 



m 
2 

4, there is no such Tp. 



m 
2 



On the other hand, maj (Tp^g) = 1 (mod m) if and only ii p + q 



m + 1 + y for m 



4,6,8 



and p + 5 = m + 1 + y , or 1 + Y for m > 10. If m = 4, 6 or 8, the number of such (p, q)s is 
0, 1 or 1 respectively. Suppose m > 10. If m = 4M, maj (Tp g) = 1 (mod m) if and only if 



6M+lor2M+l. The number of such (p,g)sis (M-l) + (M-2) = 2M-3 = f-3. 

1 (mod m) if and only if p + q = 6M + 4 or 2M + 2. The 



p+q = 

If m = 4M + 2, maj(Tp,J : 
number of such (p, g)s is M 



(M - 1) = 2M - 1 = f - 2. Therefore we obtain the claim. 



7 Sp-irreducible components of the Johnson cokernels 

7.1 Our strategy for detecting Sp-irreducible components 

In the rest of this paper, we assume g > k + 2. To explain our strategy for detecting Sp- 
irreducible components in the Johnson cokernel of the mapping class group, let us recall 
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the following diagram as mentioned above: 



Here we may regard it as a diagram of Sp(2(7, Q)-modules and Sp(2(7, Q)-equivariant ho- 
momorphisms. By Theorem 13 ■4[ we see Coker(Imr^ q i/g (8>q + 1)) coincides with 



C^g{k) for 2g>k + 2. Observing a natural isomorphism H* (g)QC^g{k + l) = H(g)QC^g{k + l 
induced from the Poincare duality, we obtain Sp{2g, Q)-equivariant homomorphism Ck 
f)Si(fc) ^ Note that Imr^;^ C Imr^ 



Then we have the following criterion for 



detecting Sp-irreducible components in the Johnson cokernel Coker(Imr^ Q — )■ f)g;i(fc)) 



Proposition 7.1. Lei V be an irreducible Sp{2g,Q)-submodule of[)^i{k). If CkiV) is a 



non-trivial (then automatically irreducible) component ofC^g{k), then V is an irreducible 



Sp(25f, Q)-module in Coker(Imr^'^). In particular, if there is a maximal vector v of weight 
A in f)^i(^) such that Ck{v) ^ (then Ck{v) is a maximal in C^g{k)), then v gives an 
Sp{2g,Q) -irreducible component in Coker(Imr^'^) which is isomorphic to the irreducible 
Sp(25f, Q)-module Lgp. 

To find such a maximal vector, we use Theorem 14.141 and Corollary 15.31 Namely, for a 
maximal vector vx as in Theorem 14. 14^ we consider (px 
0A 7^ 0, this is a maximal vector of weight A such that 
we investigate whether Ck{4>x) ^ Cg(^) is or not. 



vx-ep-il + ak+2 + --- + cT',Xi)- If 
G f)5^i(A;) by Corollary Then 



7.2 Some multiplicity formulae 



In this subsection, we give some explicit multiplicity formulae for [k] and [l'^] in f)^i(/c) 
and C^g{k). First, let us recall the multiplicity formulae in our previous paper [ESj . 

Proposition 7.2. Suppose n > k + 2. 

(i) For a partition X of k, 

[^GL:CQ(fc)] = [triv,:Resg,^ S\ 
(a) For a partition A of k + 2, 



[L'^^:C^{k + 2)] = [xl:Re4-,,S^] 
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(Hi) For a partition A of k + 2, 

[L^L : ®Q ^^{k + 1)] = J2^L'gl ■■ ^^{k + 1)] 

where fi runs over all partitions obtained by removing a single node. 
Proposition 7.3. 

(i) The multiplicities of the Sp{2g,Q) -irreducible representation [k] in f)^i(fc) andC^g{k) 
are given by 

10 II k : even, 

(a) The multiplicities of the Sp{2g, Q) -irreducible representation [l'^] in i)^i{k) andC^g{k) 
are given by 

I if otherwise, I if A; : even. 

Proof. We will use irreducible decompositions of the restriction Resg^^ (See Theorem 
14.51 ) and Pier's rule (See Theorem 14.41 ). 

(i) If ReSgj^^2g^^j'* has an Sp- irreducible component Lgp, then a partition A is either 
X = {k + 1, 1) or {k, 12). We have 

[4'l'''^^Q®Q^S(^ + 1)] = [4'L'^:/:g(fc + l)] + [4'L^^S(A: + l)] = l, 
[4r''):£|(A: + 2)] = 1, 



[Lip:Hc,®cC^,{k + l)] = [4-^'^^^£|(fc + l)] + [4Y^:£g(fc + l)] 

+ 1 if : even. 



k-l 
k 



2 I 1 if : odd. 



[4J:C2«.(^)] = : Cg(A:)] = 1- 

Thus we obtain the claim. 
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(ii) If ^^^sp{2g Q) -^GL ail Sp-irreducible component L^sp\ then a partition A is either 
A = (22, 1'^'^), (2, l'^) or i^g^^g 



[4l ^i^Q®Q/:g(A; + l) 
[L^P:CZik + 2) 



2gl 



AQjfc + l)] = 0, 



^S(^+i)]+[4r^^ 



£?Jfc + l)] = l, 



if k : odd, 
if k : even. 



Suppose A; = 1,3 (mod 4). Then 



l4t''"^ + 2)1 




£|(fc + l)] + [Lgf") 



if = 3 
if k = l 



(mod 4), 
(mod 4), 



Suppose k = 0,2 (mod 4). Then 
[4V'"> : -ffq ®Q Cl(k+1)] 



ligj''"' + 2)1 

Hence we obtain the claim. 



'^'■■">:£g(i+l)l + |Lgr''^'"' 



if k = 2 (mod 4), 
if /c = (mod 4). 




□ 

Remark 7.4. By the argument above, the Sp-irreducible component [I'^jsp appears in the 
restriction of the GL-irreducible component (2^, 1''~'^)gl- 

Remark 7.5. Our calculation above gives a combinatorial description of the GL (and Sp) 
irreducible decomposition of obtained by Kontsevich in [Konlj and [Kon2] . 



Remark 7.6. In [NT] . Nakamura and Tsunogai completely calculated Sp-irreducible de- 
compositions of l)c,,i(fc) for 1 < < 15. In their table, we can check that Sp-irreducible 
components [l'^] have multiplicity one for k = 5,9, 13 and k = 6, 10, 14. 
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7.3 Descriptions of maximal vectors 

To give an explicit description of maximal vectors, we use an (i, j)-expansion operator 
: H^^ ^ defined by 

{vi ® V2 (}^ ■ ■ ■ ® Vk) ■ Dij := ^ viiS) ■ ■ ■ Vi-i ^ Cr Vi (gi ■ ■ ■ ® Vj-2 (8) e* (8) f j-i 'S> ■ ■ ■ ® Vk 

r=l 

for 1 < i < j < k + 2. Using this, we obtain several maximal vectors satisfying the 
condition of Proposition 17.11 First we consider a maximal vector which defines the Morita 
obstruction [k] in Coker(Imr^). 

Theorem 7.7 (Morita and Nakamura). Let k be an odd integer such that k > 3. Suppose 
g > k + 2. An element 

ipik] ■■= (w ® ef ) ■ ■ (1 + crfc+2 + ■ ■ ■ + fx^+s) 



/k+l k-i+2 

= 2 E Y.^-^y''>^^r-i{ef)-D,,- 




is a maximal vector with highest weight [k] in [)gi{k). Moreover this gives a unique irre- 
ducible component of [k] in Cokerr^. 

This fact was originally showed by Morita and Nakamura. More precisely, Morita |Mo2] 
showed that [k] appears in i)g,i{k) for odd k > 3 with multiplicity at least one, using the 
Morita trace map. Nakamura showed that the multiplicity of [k] in f)p,i(/c) for odd > 3 is 
exactly one, and determined the maximal vector with highest weight [k] in his unpublished 
work. 

Second we consider a maximal vector which defines the Sp(2g, Q)-module with highest 
weight [l'^] in Coker(Imrj!^) for k = 1 (mod 4) and k > 5. 

Theorem 7.8. Suppose k = 1 (mod 4), k > 5 and g > k + 2. An element 
(^[ife] := (w ® (ei A ■ ■ ■ A Ck)) ■ Op ■ {1 + (Xk+2 + ■■■ + 

(fe+l k-i+2 \ 
E (-l)'^^^'^^-°"Vqr^j(ei A ■ ■ ■ A e,) ■ 
i=l r=l J 

is a maximal vector with highest weight [1^] in l)^i{k). Moreover this gives a unique irre- 
ducible component of [l''] in Cokerr^. 



7.4 Proofs of main theorems 

We will give proofs of Theorem 17.71 and Theorem 17.81 But, since our proof for Theorem 
17.71 is easier than that of Theorem 17.81 we omit the details for Theorem 17.71 
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p:even 



p:even 



7.4. 1 Proof of Theorem ITTS] 
Step.l For r = 2 (mod 4), we prove 

(ei A ■ ■ • A efc)L'i2(l - S2)(l - S3S2) ■ ■ ■ (1 - ■ ■ ■ S3S2) 

r 

i=i 

by the induction on r. 

Indeed, if p = 2, the both side of the formula above coincide with (ei A ■ ■ ■ Aek){Di2 — D13). 
Suppose p > 2 and p + 4 < k + 1. For simplicity we denote (ei A ■ ■ ■ A ek)Dij by D^^^. We 
have 

^l^+ji^ ~^ -^P+l ■ ■ ■ ■S2)(l — Sp+2 ■ ■ ■ S2)(l — Sp_|_3 ■ ■ ■ S2){1 — ■ ■ ■ S2) 

= - (-1)^+^D^^2+,)(1 - ■ ■ ■ 32)(1 - .p+3 ■ ■ • 52)(1 - 3,+4 ■ ■ ■ 

(^U+J + ^?2'+i)(l - ■ ■ ■ S2)(l - Sp+3 ■ ■ ■ S2)(l - Sp+4 " " " S2) 

(^1^1+, + ^?2+, - (-1)^^'^?2+, - {-ir'D'S^,)il - Sp-,3 • • ■ .2)(1 - ■ ■ ■ .2) 

(^U+j " " ■ ■ ■ S2)(l - Sp+4 ■ ■ ■ S2) 

= (D^^j - - (-1)^^'^?2+, + (-1)^+'^1^4+,)(1 - ■ ■ ■ .2) 

— n'^S'^ -L n'^g'^ _ n**Sn _ n'^Sn _ /'_1^P+4/n'^Sn i n^Sn _ r-)Sgn _ r-)Sgn \ 
~ 1,2+i 1,4+j I 1-^1,2+j -'^l.S+i 

p:even p,sgn _ 9 n'^S'^ 1 D^S'^ 

Therefore, the action of (1 — Sp+i ■ ■ ■ S2)(l — Sp+2 • • ■ S2)(l — Sp+3 ■ ■ ■ S2)(l — Sp+4 ■ ■ ■ S2) on 

r 

^(_l)'5.=2.3(mod4)^(7^^^^sgrY^. is obtained by the following way: 

i=i 
p 

j = 5 

-t-xy^g -'^13 2 14 2 ^^-'^14 -'^IS "T ^l,p+2 ^l,p+3) 

P — 2 p — 2 g„ ^ gj^ 

-'^l,p+2 "T 9 -'^l.p+a "T -'-^l,p+4 ^l,p+5 



2 

p+4 
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k+U 
'k+2) 



Step. 2 We have 

(ei A ■ ■ ■ A ek)DijSk+i ■ ■ ■ S2S1 

(ei A ■ ■ ■ A efc)(-l)'=-iA+i,i+i ^''=^'' (ei A ■ ■ ■ A efc)A+i,i+i if 3 + 
-(ei A ■ ■ ■ A efe)L'i,i+i if j = k + 2 

for k = 1 (mod 4). Hence we obtain an explicit formula 

(w ® (ei A ■ ■ ■ A Cfc)) ■ ■ (1 + ak+2 + ■■■ + crl^l) 

fc+l fc-i+2 

j=i j=i 

In fact, 
fc+i 

J^(_l)^....3(.oa4)^C'L^jD^X+.(l + + • • • + 

fc+l /k+2-j j 

j=l \ 'i=l i=l 

fc+l k+2-i fc+l fc+l 

i=l j = l i=l j=i 

fc+l fc+2-i fc+l fc+2-i 

j=l j;'=l i=l j=l 

fc+l fc+2-j fc+l fc+2-j 

= E E (-i)'^-^^'^''"°"'^q-ijAT+. + E E (-i)'^--^'^<-°"v^L^j^M+. 

i=l j=l j=l j=l 

fc+l fc+2-j 

= 2E E(-l)'^^^'^^'"°"V^L^J^M+r 
i=l J=l 

Step. 3 Let us consider a surjective Sp-homomorphism 

contfc : H^^'^-^^^H*^ ® H^^"^''^ ^ i/g'^ 

by composing an Sp-isomorphism 7fg(^+^) _i. }{^ ^Hq^''^^^ induced from Hq — ^-ifq given 



by ([3]) and a contraction homomorphism. Then we obtain 
contfc((ei A ■ ■ • A CkjDij) = 



i-2g){e, A ■ ■ ■ A ek) if z = 1, j = 2, 

(-l)^-2(ei A--- Acfe) if i = l,j>3, 

i-iy-^ei A • ■ ■ A Cfe) if z = 2, J > 3, 

if otherwise. 
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To prove these formulae, let us recall that 

(ci, tj) = = (cj/, tji), {ci, Cf) = dij = -{ej>, Ci), (1 < i < g). 

and 

Ci', (1<?<5'), 
-et', {g + l<i<2g). 

where i' := 2g — i + 1 for each integer 1 < i < 2gf. 
Then we have 

contfe(£)^2") = contfe | ^ ® e* ® (ci A • • ■ A e^) J 

^ er)ei A • • • A Cfe = {-2g)ei A • • • A e^. 



Moreover, 



r-=l 



29 ^ 



contfe(i:)i^") = contfe j ^ ^ sgn((7)er (8) e^(^i) e„{2) • • • (g) e* (8) • • • (8) e^(fc) 



29 

^ ^ sgn(cT)(e^(i), e^) O e^(2) ® • • • ® 

J -2 

^ sgn((7)e^(2) (8) • • • (8) 6^(1), • • • <8 e(,(fe) 



2(T(fc) 



J-2 
V 



- ^ sgn((7)e^(2) (8 • • • (8 e(,(i) (8) • • • (8 e^(fe) 

-(ei A • • • A Cfe) • S1S2 • • -Sj-z 
(-ly-^ei A--- Aefe, 
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and similarly, 



2s 



V 



2s 



XI XI sgn((T)(e^, e^(i)) (g) e^(2) 



j-2 
V 



2(T(fe) 



J-2 

V 



X sgn(cT)e^(2) ® • • • ® e^(i). 



J-2 
V 



= ^ sgn((T)e(,(2) (8) • • • (K) e^(i) • • • e(,(fe) 

= (ei A • • • A Cfc) • S1S2 • ■ ■ Sj-3 
= (-iy-=^ei A--- Aefc. 

For i > 3, because of g > k, it is clear that contfe((ei A • • • A ek)Dij) — 0. 
Step. 4 We obtain Ck{^[ik-^) 7^ 0. 

Indeed, for the natural surjection pr : — > we have 



/ fc+i 



i=i 



'..2,3{n.od4)^q^^Cfc(ei A • • • A efcD2,2+j) 
/ \ 

k 



pr(ei A • • • A Cfe) 



\ 3=1 

2 1^-2^ + 2 + 2 ^(-l)^-^+'^^=2,3(mod4)^q^^ j pr(g^ A ■ ■ ■ A Cfc) 
2 (-2g -2 + 2 2]](-l)^-^+^^-2,3(mod4)^q^ J pr(e^ A • • • A Ck). 
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Here, we claim that 

fc+i 



^(_l)J-l+'5i^2,3(mod4)^C'L2^j =0. 



In fact, by setting k = AK + 1, we have 
fc+i 

i=i 
fc+i 

l<i<A;+l i<i<fc+i 

j:odd j:even 

p=0 9=1 
2K 

= 2^(-l)'^f-l(-°d2)2;^C'p = 2(1 - 1)2^ = 0. 
p=0 

Hence, we conclude Cfc(v5[ifc]) = —4:{g + 1) pr(ei A ■ ■ ■ A Cfc). 

Since [L^^''^ : i/g''] = [L^'^''^ : C^(fc)] = 1 and Ci A ■ ■ • A is a maximal vector with highest 
weight (l'') of if^'', we have pr(ei A ■ ■ • A e^) 7^ 0. 

Step. 5 By Proposition 17.11 and Proposition I7.3[ the maximal vector (f[ik] gives a unique 
irreducible component of [l'^] in Cokerr^. 

This completes the proof of Theorem 17.81 □ 

7.4.2 Outline of proof of Theorem 17.71 

To begin with, we can show 

r 

(ef Di2)(l - S2){1 - SSS2) ...{1-Sr--- SSS2) = 5^(-iy-^._iC,_i(ef 
by using the induction on r. Secondly, we have 

[e, D,,)s,^,su s,s, - I if J = A; + 2. 
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Hence we get an explicit formula 



k+l k-i+2 



Thirdly, we have 



i=l r=l 



[-2g){ef) if z = l, J = 2, 

contJe^'^D..)-<' ^ = 1, J>3, 

cont,(ei AJ- <; ^^^k^ ^^2, j > 3, 

3 if otherwise, 



and pr(ef ) ^ 0. Thus we obtain 

fc+l k 

3=1 i=i 

(k+l k \ 

i=2 i=i / 

fe \ 
-2g + (-1)'=+^ + ^ + + 1 ) pr(ef ) 

= (2 - 2(7) pr(ef ) ^ 0. 

Therefore, by Proposition 17.11 and Proposition I7.3t the maximal vector (y9[fc] gives a unique 
irreducible component of [k] in Cokerr^. 



This completes the proof of Theorem I7.7[ □ 



7.5 Problems for the Johnson cokernels 

Finally, we conclude by suggesting a problem for the Johnson cokernels of the mapping 
class group. 

By observing the table of Coker(r^) for 1 < /c < 4 in Subsection 13.31 we see that 

Coker(r^) = Im(cfc) for 1 < A; < 4 as an Sp(25(, Q)-module, where Ck : f)^i(^) Cg(A;) is 
an Sp(25f, Q)-equivariant homomorphism defined in Subsection 17.11 

These facts let us motivate to determine whether Coker(r^) = Im(cfc) for any A; > 1, or 
not. This is, however, not correct in general. In fact, for k = 6 according to the description 
in [ Mo3] , the Sp-invariant part of f)g_i(6)/Im(r^) is Q^. On the other hand, that of C^(6) 
is Q®^. Hence we can not detect all of the Sp-invariant part of i)g,i{Q) using the map cq. 
We have heard from Morita about these facts in his thourhtful e-mail. 
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Here we suggest a problem to determine the Sp-component of i)g^i{k) which can be 
detect the map c^. Namely, 

Problem 7.9. For any k >1, determine the image Im(cfc) of Ck- 
Let us consider a sequence of Sp-sub modules of 

Im(r,^Q) C Ker(c,) C i)^, 

for each k > 2. Problem 17.91 is equivalent to a problem to detremine the Sp-module 
structure of the quotient f)^]^/Ker(cfc). We remark that from the description in |Mo3j as 
above, for /c = 6, an irreducible module [0] appears in Ker(c6)/Im(r^) with multiplicity 
at least one. (Morita told us this fact in his e-mail to us.) This shows Im(r^) 7^ Ker(cfc) 
in general. 

Let (f)^i)^^ be the abelianization of as a Lie algebra, and [f)^]^, fi^J the kernel of the 
abelianization l)^^ We write [f)^i, i)f^i]{k) for the degree k-pait of [(j^^, It 

is still open problem to determine the Sp-module structure of From Hain's result, 

see Theorem 13.51 we have 

for each k >2. In |Mo3] . Morita constructed a surjective Lie algebra homomorphism 

k>l k>l 

using the Morita trace maps Tr2fc+i, where the target is considered as an abelian Lie 
algebra. Hence, the Morita obstructions can be detected by P)^]^(A;)/Ker(cfc) and (Pl^i)'^^. 
Recently, J. Conant, M. Kassabov and K. Vogtmann announced there are new series in 
(^g^i)^^ other than the Morita obstructions. 

Then we have a problem: 

Problem 7.10. Does there exist an irreducible Sp-module L C Ker(cfc) such that L ^ 
[{)^^, f)^]^](/c) ? For example, clarify whether or not the Conant-Kassabov- Vogtmann ob- 
struction is contained in Ker(cfc). 
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